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Uniqueness of Continuum One-Dimensional Gibbs
States for Slowly Decaying Interactions
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We consider one-dimensional grand-canonical continuum Gibbs states
corresponding to slowly decaying, superstable, many-body interactions. Absence
of phase transitions, in the sense of uniqueness of the tempered Gibbs state, is
proved for interactions with an Nth body hardcore for arbitrarily large N.
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1. INTRODUCTION

The presence or absence of phase transitions has been studied for a wide
variety of one-dimensional classical statistical mechanical models. The
majority of papers on this subject have focused on lattice or hard-core
systems, due to the technical difficulties which arise in continuum models
without hard-core restrictions (see, however, Campanino et al,!V
Suhov,"® Klein!?). The principal condition on the interaction for the
absence of phase transitions, in lattice and hard-core models, is that the
total interaction energy of particles distributed along the negative real axis
with particles distributed along the positive axis must be finite (see, for
example, Dobrushin,'® Gallavotti et al.'® Gallavotti et al,” and
Ruelle''?). In the case of lattice models, Dyson™* and Frohlich et al.®
have shown that this condition cannot be substantially weakened. Further
insight into this question has also been obtained by Simon.!'*

In this paper we study perturbations ¥+ &, of superstable, slowly
decaying, many-body interactions ¥, where @, = oo for configurations
with more than N particles in any interval of length one, and @, =0
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otherwise. If N=2, V+ &, is a hard-core interaction in the usual sense. If
N is extremely large, so that, for example, N particles in any interval of
length one corresponds to a density which greatly exceeds that of any
known form of matter, one would not expect physically significant differen-
ces in the behavior of systems governed, respectively, by V and V + @,
We prove in Section 3 that if a condition, analogous to that imposed on
lattice and hard-core models, holds for V, then the tempered Gibbs state
for V' + &, is unique at all temperatures and fugacities, independent of N.
The condition is, roughly speaking, that for any given maximum uniform
density of particles on the line, the energy of interaction of particles on the
negative real line with particles on the positive real line must be finite (see
Condition 2.2 and Remark 2.1 below).

This extends results of Dobrushin® and the author."*”) The method of
proof is based on the ideas of Dobrushin given in Ref. 2.

2. NOTATION AND DEFINITIONS

For a bounded Borel set A of the real line, let X(A) be the set of all
locally finite subsets (configurations) of A. B, denotes the o field on X(A4)
generated by all sets of the form {se X(A4): |s~ B| =m}, where B runs over
all bounded Borel subsets of A, m runs over the set of nonnegative integers,
and | -| denotes cardinality. Let X be the set of configurations in X(R) of
finite cardinality, and Xy(A) the set of configurations in X{A) of car-
dinality N.

 Let T: A4V — Xy(A4) be the map which takes the ordered N-tuple
(X1, X ) to the unordered set {x,,.., xy}. For N=1,2,3,.. let d"x be the
projection of n-dimensional Lebesgue measure onto X ,{(4) under the map
T. The measure d°x assigns mass 1 to X,(A4)= {0} Define as in
Refs. 10, 11,
Zrl
n

v ,(dx) = i —d'x (2.1)

where z is chemical activity.
We will consider Bi-measurable many-body interactions V:X,—
(— o0, —oo] of the form

=3 Y ba() (22)

N=1 ycx
Iyl=N

where ¢y: Xy(R) > (—o0, +00] is called an N-body interaction. As in
Preston®! we define the By-measurable set R, = X(R) so that V(x|s)
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represents the energy of the configuration xe X(A), assuming the con-
figuration se R, X(A4°). The finite volume Gibbs state u ,(dx|s) for the
bounded Borel set A4 (with positive Lebesgue measure), interaction V,
inverse temperature f, chemical activity z, and external configuration
se R, X(A°) is given by

_oxp[—B¥(x15)]

#A(dxls)——ZA(S)—VA(dx) (2.3)

where the constant Z ,(s) makes u,(dx|s) a probability measure. If V'
satisfies Condition 2.1 below, then 1<Z,(s)<o. If s¢R,, define
i(dx}s) to be the zero measure.

Definition 2.7. For a given interaction V, let D= {se X(R):
V(y)<co for all ycs with |y| < oo} and let

U,={seX(R): |sn[—L, L) <2Lm for every integer L>0} D

Let Uy =U,ps1 U
We will refer to the following two conditions on the interaction ¥V, in
the next section.

Condition 2.1. (a) V is superstable. ¥

(b) For any bounded Borel set A =R, any xe X(4)n U_,, and any
mz1, |V (xls)—V, (x|sn[—k k]) <¢,(k) x|, where ¢,(k) converges
uniformly to zero for all se U,,n X(A°), as k — 0.

(c)
Y2 )= —clxlls|

N=2 yexus
lyl=nN
yos#9
yNx#EQ

for some ¢ >0 and all disjoint x, se X,.

In Condition 2.2 below, for ye X(R), let y* =y [0,00) and y =
yn(—o0,0).
Condition 2.2. (a) ¢y is translation invariant for each N> 1.

(b) There exists a decreasing function ,,:[0, ©0)— [0, w),
depending on m, such that y,,(r) >0 as r - oo, and for any xe U,,,

YY) <Ualr)

N22 yemPr)
where MY(r)={ycx:|y|=N, y*#0, y~#0 and max
U’i“J’j|>r}‘

vieyt,yjey~
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Definition 2.2. For a configuration x = (x,,.., xy) € Xy(R), let
0 if max |x,—x]| <1
pn(x)= Y
0 otherwise

For a given interaction V, let

V¥ x)=vx)+ 3 only) (2.4)
=N

We also let U), and U% (from Definition 2.1) and Z%(s) from (2.3)
correspond to V.

Remark 2.1. Condition 2.1 was required in Ref. 9 for existence of
Gibbs states for V", Condition 2.2(a) is not essential, but without it Con-
dition 2.2(b) would be harder to state. Condition 2.2(b) can be understood
roughly in the following way: For any prescribed uniform density and any
configuration in R not exceeding that density, the energy of interaction of
particles in (— o0, 0) with those in [0, oo) is finite. In the case of a pair
interaction V(x)=73_, ¢,(|x;— x;|) for which

921X < C x|~

when |x| is sufficiently large, V satisfies Condition 2.2 for any « > 2. Con-
dition 2.1 is also satisfied by V, if in addition, V is superstable and
inf, . o ¢(x) > —co.

Remark 2.2. If V satisfies Condition 2.1 and Condition 2.2, then V'V
also satisfies Condition 2.1 and Condition 2.2, Condition 2.2(b) can be
simplified for V" by replacing y,, with , since Uy = UY > UY for all
mz1,

Let {n,} denote the specification associated with B, z, and V (see
Ref. 11, p. 16) defined by

7 (A4, s)=f aldx]sn Ve (2.5)

where A€ By, A'={xeX(A):xu(snA)e A}, and s€ X(R).

Definition 2.3. A probability measure ¢ on (X(R), Bg) is a Gibbs
state for the specification {n ,} if

o[n,(4,5)]=0(4)

for every 4 € Bg and every bounded Borel set 4 = R of positive Lebesgue
measure. If in addition, ¢(U_)=1, then ¢ is a tempered Gibbs state.
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Definition 2.4. For an interaction V, Borel sets 4 = A with positive
finite Lebesgue measures, and se U, the finite volume Gibbs density
r4(x]s) is given by

ri(xls) =] expl —pV(xu y|sn A9)]

= vialdy) (2.6)
X(a) Z (s 1) e

Definition 2.5. A function f on X(R) is a cylinder function if
f(s)=f(snA) for some bounded set A =R and all s X(R). A subset
A< X(R) is a cylinder set if the characteristic function for A4 is a cylinder
function.

Note that if f is a B, -measurable function on X(A), then we may
regard f as a Bg-measurable cylinder function on X(R) by defining
f(s)=f(sn A) for se X(R). In this case

malf9)= [ fx) ualax ) =[S0 rdxls)vadx) @)
X(A4)
3. UNIQUENESS OF THE GIBBS STATE

We assume throughout that an interaction ¥ is given which satisfies
Condition 2.1 and Condition 2.2 of the last section.

Let (X, By) be a measurable space and let u, and u, be probability
measures on (X, By). The variation distance between the measures u,; and
U, is defined as

p(pes o) = sup |u(A)— py(A4)] (3.1)

Ae By

If 4, and u, have respective densities p; and p, with respect to a finite
measure v on X, then defining p(p,, p>) = p(u,, u,), we have

p(pi p2) = %J |p1(x) = pa(x)] vidx) =1 —J min[ p,(x), p>(x)] v(dx) (3.2)
The following lemma was proved by Dobrushin.®

Lemma 3.1. (Dobrushin). Let (X, B,, v;) be a measure space for
Jj=1,2,3 and let

3
(X, By, V) n X;, B, v))

be the product measure space with measure v=v, x v, x v;. Let p!(-) and
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P*(*) be densities with respect to v for probability measures on (X, By).
Consider the marginal densities

Pies) = [[ Px, %2, x3) valddey) vi(dvs)

pi’z(xl,x2)=in(x1,x2,x3) va(dx;) for i=1,2

and the similarly defined densities p5(x,), pi(xs), pis(x;, x;3), and
phs(x2, x3) for i=1,2. Suppose there exist conditional densities
pi(x11x2, x3) and pf5(x, | x;) for which

Pi(xn X3, X3) = pi(x11x,, X3) P§,3(x2, X3)
Piolxy, x3)= Pi/z(xl [x2) pi(x2) (i=1,2)

Then )
p(p1, 1) <oop(p3, p3)+ao[1—p(p), p3)]

where
(10= Sup p(pi[(|x25 X3), p%('-)’ZZa 563)]

xj, %€ X;
=12

do= sup p[pi(-|x;, x3), P11 X2, %3)]
x2€ Xy
x3,%3€ X3
As in Ref. 2, uniqueness of the Gibbs state ¢, for the interaction V¥
given in Definition 2.2 holds provided

lim sup pLrf_pn(-18) rh_p(-101=0 (33)
- 20 e UY

for all sufficiently large finite intervals < R, where r{ , (-|-) corresponds
to V" via Definition 2.4.

We will use Lemma 2.1 to establish (3.3).

Let an interval (aq,¢] be given and let s;,s,eUY satisfy
s;n(c,00)=s5,n(c,0). Assume n is large enough so that [—n,n] >
{a, ¢], and define b = (a + ¢)/2. In the language of Dobrushin’s lemma we
make the following identifications

(Xy, By) = [X((b, c]), B(b,c]]
(X2, B2)=[X((a, b]), Biap] (3.4)
(X3, B3)=[X([—n, a]), B[—n,a]]
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Given a configuration x € X(R), let
xy=xn(b, c], x,=xn(a b], x3=xn[—n,a]

and
V= V[,n)a] X v(a,b] X V(b!C]

Fori=1,2, let
P(xX1,s xp, X3)=rE el (X, Xg, X3 15,) (3.5)

It follows as in Ref. 2 that for i=1, 2

p’i(xl)zr([bfin}(xdsi) (3.6)
pé(xz)zr([“;b,{,,](xz 5;) (3.7)
Pi(xy[xy, x3) = rZdlxg [ x20 x50 (sA[—n, 6])] (3.8)

Remark 2.7. For the probability densities just defined, the con-
clusion of Lemma 3.1 can be modified, with no change in Dobrushin’s
proof, so that

p(pi, pY)<op(ps, p3)+a[1—p(p3. p3)] (3.9)
where
a=sup{p[pi(-|x2, x3), pi(-]%;, %3)]:
xauxyeUl, %,0%,eUN, x;, %,€X, for j=1,2} (3.10)
and

&:SUP{P[PK'WL X3), p%('|x2, X3)]ix,e X5, x5, %36 X5

and xux3eUL, x,ux,€ UYL} (3.11)

Lemma 3.2. For any integer N> 2, the following inequality holds
for the interaction J*

LS Py ale—Db)
where ¥ y(-) is given by Condition 2.2 and & is given by (3.11).

Proof. Since the distribution with density r{><1(-|7,) is the restriction
of the distribution with density r(3%1(-|s,) onto a smaller ¢ algebra, it
follows that

pLrGdC 10, rEdCl)TI<plrgdCla) rigdC1)] - (3.12)
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for any ¢,, r,€ UY . Combining (3.2) and (3.11) with (3.12) gives
supj exp[ — BV (ylxu )]
X((b,n) Z4 (X0 t))

el =By u )]
Z?Z,,n](xz Vi)

a<

[SIE

V(b,n](d)") (3.13)

where the supremum is taken over the same set of configurations as in
(3.14) below. From Lemma 3.3 of Ref. 8, the right side of {3.13) is bounded
by

Bsup{|VV(ylx,ut) = VM(yix, )i yux,0ye UY
L0 (a,n]=0 for i=1,2, and tyn(n,0)=1,n(n,0)}

(3.14)

By Condition 2.2 and Remark 2.2, the above expression is bounded by
B (b — a) = By n(c — b). This concludes the proof.

Lemma 3.3. For any N>=2, n=b+ 1, there exists #; >0 such that

exp[ — V(0,0 y|s,)] S h exp[ — VY@, yisy)]
Z?g,n](SZ) ' Zﬁ,,n](sl)

where J=(b,b+1], 0, is the empty configuration in J, and
yeX((b+1,n])n U% is arbitrary. Furthermore, 4, depends only on f, z,
and M.

Proof. From Lemma 2.1 of Ref 9, for any y, e X(J)nUY, there

exists a constant D > 0 depending only on J and N such that if yus;e U,

(3.15)

V¥Myils;uy)= =D |y | > —DN (3.16)
Since V™(y,u plsy)=V¥@,0 y]s,) + V¥(pi | yUs,), we get
VN@,0 yis,)— VM (y,0 yls,) <DN (3.17)

From (3.17) it follows that

[ expl V(8,0 ¥152)1v,dy1) Vi 1 1Y)
X(J)YX((b+ 1L,n])

>expl~pDNT [ | expL— BV (310 ¥ 1521 VA1) Vo 1(d)

XN Y X((b+ Ln])

(3.18)
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Since v, 7=V, X V417, WE have

| expL—BV™(B,0 y152)] Vio s 1 ()
X((b+1,n])

zexp[ — DN, [X(N]) " Z}, ,1(52)
=exp[ — DN —z] Z{‘,;!n](sz) (3.19)
From Condition 2.2 we also have
VR@,0 yls:) = VY@,0 yls)I <29 (1)
and consequently
exp[ —BVY(@,0 yls,)] = exp[ 28y n(1) T exp[ — VY@, 0 yls)] (3.20)
Combining (3.19) and (3.20) gives

ZY (s = | expl—BVV(0,0 1501 vio s 1(dy)
X((b+ Ln])
>exp[— 26 (1)] | expL— V(0,0 315)] Voo 1.(dy)
X((b+ 1,n])
> exp[ — ADN =26 (1)~ 21 Z 1y(52) (321)

Combining (3.20) with (3.21) then gives

exp[ ~pVN(B, 0 yls)]
Z?lg,n](SZ)

exp[ — V" (@,0 yls1)]

Zexp[ — DN — 4By (1) —z] Z7 )
(151

This completes the proof.

Lemma 3.4. Assume n>c¢=b+1. For any f,z>0 and N>2,
there exists > 0 independent of n, ¢, b, 5,, and s, such that

pLradCis), rigdCls)I<1—h (3.22)
Proof. From (3.16) it follows that
sup j exp[ — V¥ (x|s)] v (dx) < (3.23)
X(J)

SEUZ)
snJ=9¢
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Since exp[ —BV™(@,|t)]=exp 0=1 for any ¢,
inf, 7Y({0,}, )= b >0 (3.24)

where we have used the same notation as Lemma 3.3. From the con-
sistency of the specification {n%} (see Ref. 11), we have

T (10,3, 9)= [ T ({8, }, 1) mly(dt, 5) > by (3.25)

From (2.6) and (2.7) it follows that

7‘6’7,”]({01}:5)— §€’H(yiS) V(b,n](dJ’)>hz (3.26)

'({ﬁj} UX((b+1,n])

where £, is independent of b, n, and 5. From (3.15)

J min[rEd(yls,), rgrd(yis) 1 vem(dy) 2 hiha=h  (3.27)
{97} U X((B+1,n])

Now combining (3.2), (3.12), and (3.27) gives the desired result.
Corollary 3.1. With the same assumptions as in Lemma 3.4,

(a) a«a<1—h for some >0 depending only on V", f,z (and not
51,85, b, ¢, or n).
(b)  p(r{d, (- 1s1) rf) q(152))
S =h) p(ri@fd g 1se) re2)q(152) + B n(c — b)),

where (- ) is given by Condition 2.2.

Proof. Part (a) follows from (3.10) and Lemma 3.4. Part (b) follows
from (3.9), with identifications given by (3.4) to (3.8), and from
Lemma 3.2.

Theorem 3.1. For any f, z>0, any interaction V satisfying Con-
dition 2.1 and Condition 2.2, and any integer N > 2, there is exactly one
tempered Gibbs state for V7, B, z.

Proof. A simple induction argument together with Corollary 3.1(b)
shows that given any positive integer m, it is possible to choose n large
enough so that

PPl el (152 S (L= '+ mpyr(c—b)  (3.28)

as long as ¢z b+ 1. Thus given any ¢ >0, it is possible to choose m large
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enough so that (1 —h)"*! <eg/2, and then to choose ¢ — b large enough so
that mpy y(c — b) < ¢/2 and finally to choose n large enough so that (3.28)
holds for these choices of m and ¢—b. Hence for any sufficiently large
interval (b, ¢] and sufficiently large n

plred (- 1s:) rfe) st 1s2)) <e (3.29)

for all sy, s,€ UY with s, (¢, 0)=1s5,N(c, ).
Now given any s, t€ UY, let s, be chosen so that s, n (¢, v)=+s and
s;N(—oo0, b]=1t By the triangle inequality

pUrfd g (1), rPd g CIO) < p(ried g (L) r ol 1sy)

+ P (L3 11 (330)

nal [ —nn

The first term on the side of (3.30) is bounded according to (3.29).
Similarly, using a relation proved by obvious analogy with (3.29), we can
conclude that the second term on the right side of (3.30) can be made
arbitrarily small for sufficiently large ¢ — b and ». It follows that for (b, c]
sufficiently large

hm - sup p(ri®,,(-[5), {5} (-[1)) =0

=D e U
This guarantees uniqueness of the Gibbs state for V", f, z as in Ref. 10.
Existence was established in Ref. 9 and it is easy to see that any Gibbs state
corresponding to V" must be tempered. This completes the proof.

Remark 3.1. The results on high temperature decay of correlations
given in Ref. 9 holds for the interactions considered here.

Remark 3.2. For an interaction V satisfying Conditions 2.1 and 2.2
without any hard core, and for any fixed finite volume, the finite volume
Gibbs states for V" converge to the finite volume Gibbs states for V for
any boundary condition se U®, as N — oco. One might therefore expect
that uniqueness of the infinite volume tempered Gibbs state for ¥ would
follow from the uniqueness of the infinite volume Gibbs state for V*, for
each N. Such an argument was given in Ref. 10. The argument is incorrect
due principally to an incorrect definition of a tempered Gibbs state given
there.
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